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The transport across a Kondo-correlated quantum dot coupled to two leads with independent temperatures
and chemical potentials is studied using a controlled nonperturbative, and in this sense numerically exact,
treatment based on a hybrid numerical renormalization group combined with time-dependent density matrix
renormalization group (NRG-tDMRG). In the Kondo regime, for sufficiently large fixed voltage bias V � TK ,
with TK the Kondo temperature, we find a peak in the conductance vs the temperature gradient �T = TR − TL

across left and right lead. Focusing then on zero voltage bias but finite �T far beyond linear response, we reveal
the dependence of the characteristic zero-bias conductance on the individual lead temperatures. We find that
the finite-�T data behaves quantitatively similar to linear response with an effective equilibrium temperature
derived from the different lead temperatures. The regime of sign changes in the Seebeck coefficient, signaling
the presence of Kondo correlations, and its dependence on the individual lead temperatures provide a complete
picture of the Kondo regime in the presence of finite-temperature gradients. The results from the zero-bias
conductance and Seebeck coefficient studies unveil an approximate “Kondo circle” in the TL/TR plane as the
regime within which the Kondo correlations dominate. We also study the heat current and the corresponding
heat conductance vs finite �T . We provide a polynomial fit for our numerical results for the thermocurrent as a
function of the individual lead temperatures, which may be used to fit experimental data in the Kondo regime.
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I. INTRODUCTION

Strong electronic correlations in a magnetic impurity cou-
pled to electronic reservoirs result in a many-body screening
phenomenon, mediated by the conduction band electrons,
known as the Kondo effect [1]. The Kondo effect manifests
itself in the density of states of the impurity as a narrow
resonance peak around the Fermi level, widely known as
the Kondo-Abrikosov-Suhl resonance [2,3]. This Kondo res-
onance that increases the low-temperature resistivity of bulk
metal alloys [4] has been found to be present in various
classes of nanostructures, involving single electron transistors
[5–10], nanowires [11–14], carbon nanotubes [15,16], molec-
ular magnets [17–19], adatoms [20–22], and other quantum
impurity systems [23–27]. Such nanostructures are very tun-
able and act as a robust platform to explore various aspects of
the Kondo effect [6,28]. Moreover, the transport properties of
Kondo-correlated impurity systems carry characteristic signa-
tures of the Kondo effect, which emerge at low temperatures
near the Kondo-energy scale. Particularly, the zero-bias peak
in the differential conductance [5,6] and a sign change in the
Seebeck coefficient at low energies [29–33] signify the pres-
ence of Kondo correlations in the system. The characteristic
density of states present in the quantum dots makes them
a class of prospective systems to work as efficient energy
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harvesters [34–42]. Various proposals, such as the charge
Kondo effect [43], multi-quantum-dot setups [44,45], includ-
ing the case of asymmetric couplings to the leads [46,47],
have pointed towards a considerable thermoelectric efficiency
of quantum-dot-based heat engines. Thermoelectric quantum
dot devices have also demonstrated promising applications in
sensing [46,48] and cooling technologies [49–51].

An accurate description of the Kondo effect relies on the
exact treatment of electronic correlations at low-energy scales.
Although many theoretical methods, including the Bethe-
Ansatz [52,53], perturbation theory [54], Fermi liquid theory
[55], and the dynamical mean-field theory [56], can tackle
the Kondo problem and contribute to the qualitative under-
standing of the phenomenon at low energies, all of them rely
on approximating the electronic correlations to describe the
energies near the Kondo-energy scale. The numerical renor-
malization group method (NRG) [57,58], considered to be the
best at tackling the Kondo problem, can provide quantitatively
accurate description of the Kondo effect, but only up to linear
response studies near equilibrium [29].

A multitude of other theoretical approaches to tackle
nonequilibrium transport through Kondo-correlated quantum
dots have been reported in the literature. A far-from-
complete listing includes works based on nonequilibrium
Green’s function (NEGF) [59–61], renormalized perturba-
tion theory (RPT) [62], generalized Fermi liquid theory
[63–66], perturbative approaches [47,67], auxiliary mas-
ter equation approach (AMEA) [48,68,69], noncrossing
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approximation (NCA) [70,71], functional renormalization
group method (fRG) [72–74], real-time density matrix renor-
malization group method (tDMRG) [73,75], quantum Monte
Carlo techniques (QMC) [73,76–78], iterative summation of
real-time path integrals (ISPI) [73,79], or slave-boson mean-
field theory (SBMFT) [60]. Although each method has its own
virtues and provides theoretical insights at various limits, a
complete picture of the whole nonequilibrium Kondo regime
had remained elusive. A hybrid method, incorporating both
numerical renormalization group and time-dependent density
matrix renormalization group (tDMRG) method based on a
thermofield quench approach (NRG-tDMRG), has achieved
the feat of describing the nonequilibrium transport through a
Kondo-correlated system with exact treatment of correlations
[80]. Until now, this method has been employed to address
the electronic transport under finite potential bias [80] and
spintronic transport in the presence of ferromagnetism in the
leads [81]. In this paper, we extend the NRG-tDMRG method
to describe the nonequilibirum Kondo effect in the presence
of finite-temperature gradients. In particular, we consider a
quantum dot symmetrically coupled to two metallic leads held
at different temperatures that can be tuned independently. The
choice of symmetric couplings to the leads allows for the
Kondo correlations to develop over both the leads, uncovering
the influence of the individual lead temperatures on the Kondo
effect. The dynamics of the electronic and heat currents
is calculated using NRG-tDMRG and their nonequilibrium
steady-state values are extracted using linear prediction across
a finite time window. We characterize the Kondo regime as a
function of the individual lead temperatures using the zero-
bias conductance and the Seebeck coefficient of the system.
We find that transport in the presence of a nonlinear tempera-
ture gradient can be qualitatively described by linear response
results with an effective equilibrium temperature. Our results
demonstrate that the Kondo correlations persist as a circle
when depicted in the individual lead temperatures.

Our paper provides quantitatively accurate results for
the thermoelectric transport coefficients of Kondo-correlated
quantum dot in far-from-equilibrium settings. This paper is
organized as follows: Section II describes the system Hamil-
tonian and the transport properties under study. In Sec. III,
we discuss the results from NRG-tDMRG calculations. We
begin by discussing a noninteracting system in Sec. III A,
and then moving on to the interacting system described by the
single impurity Anderson model in Sec. III B. The influence
of temperature gradient on the zero-bias transport properties
is discussed in Sec. III B 1. The differential conductance at
zero-bias and for a finite potential bias in the presence of
different lead temperatures is discussed in Sec. III B 2. The
thermoelectric current, Seebeck coefficient and heat transport
properties are discussed in Sec. III B 3. Finally, the paper is
summarized in Sec. IV.

II. MODEL AND METHOD

A. Hamiltonian

Our system consists of a quantum dot strongly coupled to
two metallic leads as depicted in Fig. 1. The Hamiltonian of

FIG. 1. The schematic of a quantum dot with orbital level εd and
Coulomb repulsion U coupled to the left (α = L) and right (α = R)
metallic lead with hybridization function �α . Each lead is held at
different temperature Tα and chemical potential μα = ±V/2.

such a system can be described as

H = Himp + Hlead + Htun, (1)

where Himp is the impurity part of the Hamiltonian described
by a single impurity Anderson model (SIAM) with orbital
energy εd and Coulomb interaction U . Himp takes the form

Himp = εd (n↑ + n↓) + U n↑n↓, (2)

where nσ = d†
σ dσ is the number operator, with dσ (d†

σ ) being
the annihilation (creation) operator for a dot electron with spin
σ . The leads are modeled as noninteracting particles

Hlead =
∑

α

Hα =
∑
αkσ

εαkc†
αkσ

cαkσ , (3)

with cαkσ (c†
αkσ

) denoting the annihilation (creation) operator
for an electron in the lead α with energy εαk and spin σ .
Finally, the tunneling Hamiltonian Htun describes the coupling
of the quantum dot to the leads

Htun =
∑
αkσ

(vαkd†
σ cαkσ + H.c.), (4)

where vαk is the tunneling matrix element between the kth
mode in the lead α and the quantum dot. The dot hybridizes
with the leads with the coupling strength given by �α =
πρα|vαk|2, where ρα denotes the density of states of the lead
α, which is assumed to be flat ρα ≡ 1/2D, with D being the
band half-width, which is used as the unit of energy, hence
D = 1. In the following, without loss of generality, we assume
that the system is symmetric �L = �R = �. We set

� = 0.001, U = 12 �, εd = −U/3, (5)

unless specified otherwise. The bias voltage V is applied
symmetrically as μL = −μR = V/2 and the left and right lead
temperatures TL, TR can be controlled independently.

To accurately take into account correlation effects at truly
nonequilibrium settings, we employ a hybrid NRG-tDMRG
method in the matrix product state (MPS) framework [80,81]
discussed in more detail in Appendix A. This method con-
sists of a logarithmic-linear discretization scheme of the
conduction bands, a thermofield treatment, followed by a
recombination of the leads modes, and finally the time evo-
lution by the second-order Trotter decomposition to reach
the nonequilibrium steady state. The steady-state values as
t → ∞ of heat and charge currents are found from linear
prediction of finite time dynamics (cf. Appendix B).

The hybrid NRG-tDMRG approach includes strictly linear
discretization within the dynamical or transport window, with
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the time evolution carried out in this discretized basis by
tDMRG. The uniform linear discretization in the transport
window is essential for an unbiased approach to out-of-
equilibrium where any local excitations or transitions around
the impurity are energetically allowed, driven by the voltage
or temperature differences across the leads [80,81]. By fo-
cusing on out-of-equilibrium with max(V,�T ) � TK we thus
uncover the transport behavior in the Kondo scaling regime
far beyond linear response.

The energy resolution of our method is set by the linear
level spacing in the transport window. To be specific, this
sets the resolution of the smallest energy scale min(TL, TR)
relative to the largest energy scale max(V, TL, TR). In our
calculations we keep NL = 100 linearly discretized levels in-
side the transport window, which sets the linear discretization
parameter, i.e., the level spacing δ ∼ max(V, TL, TR)/NL (cf.
Appendix A). Therefore, we need to maintain min(TL, TR) �
δ to avoid discretization artifacts, in the sense that temperature
smears out the discrete level spacing, specifically so when
taking gradients with respect to temperature. This condition
does not impose a physical limitation but is instead a com-
putational factor to consider, provided there are no spectral
features within the dynamical window that are narrower than
the level spacing δ. For calculations with a finite thermal bias,
our choice of NL thus sets an upper limit on the difference in
the temperatures of the left vs right lead to around two orders
of magnitude. The numerical cost of one tDMRG sweep is of
the order of O(Lm3), where L∼ 4NL the system size and m the
bond dimension of the underlying MPS.

B. Transport coefficients

The charge current Jασ from the lead α to the quantum dot
in the spin channel σ is given by

Jασ = e 〈Ṅασ 〉 = − ie

h̄
〈[Nασ , H]〉

= e
h̄

∑
k

Im (vαk 〈d†
σ cαkσ 〉). (6)

Here, Nασ = ∑
k c†

αkσ
cαkσ is the occupation number in the

lead α. Similarly, the energy current JE
α from the lead α to the

quantum dot can be described based on the lead Hamiltonian
Hα as

JE
α = 〈Ḣα〉 = − i

h̄
〈[Hα, H]〉

= 1

h̄

∑
kσ

εαk Im (vαk 〈d†
σ cαkσ 〉). (7)

In the case of V = 0, the energy current can be considered as
the heat current JQ ≡ JE . We note that since the symmetrized
charge (heat) current J (Q)(t ) converges faster than the current
contributions from the individual leads J (Q)

ασ (t ), it is more effi-
cient to find the steady-state value of the total current J (Q)(t ),

J (Q)(t ) =
∑

σ

1

2

[
J (Q)

Lσ (t ) − J (Q)
Rσ (t )

]
. (8)

More details about estimating J (Q)(t ) and the steady-state J (Q)

can be found in Appendix B.

The differential electronic conductance G and the elec-
tronic contribution to the heat conductance κ are, respectively,
defined as

G =
(

dJ

dV

)
TL, TR

,

κ =
(

JQ

�T

)
V

. (9)

The Seebeck coefficient S estimates the potential V re-
quired to compensate for the induced thermoelectric current
J under a finite-temperature gradient �T and it is defined as

S = −
(

V

�T

)
J=0

. (10)

For the transport across an impurity coupled to metallic
leads in the linear response regime, these transport coefficients
can be estimated as a function of the Onsager integrals, Ln =
− 1

h

∫
dω(ω − μ)n ∂ f

∂ω
T (ω), where T (ω) is the transmission

coefficient of the impurity and it is essentially equivalent to
the equilibrium spectral function A(ω) [82]. The linear re-
sponse transport coefficients can thus take the form [29]

G0 = e2 L0,

S0 = − 1

eT

L1

L0
,

κ0 = 1

T

(
L2 − L2

1

L0

)
. (11)

III. RESULTS AND DISCUSSION

In this section, we present and discuss the NRG-tDMRG
results for the nonequilibrium transport through a quantum dot
in the presence of temperature gradients. First, we benchmark
our method against analytical results for the noninteracting
case in Sec. III A. While focusing predominantly on finite-
temperature difference at infinitesimal voltage bias for the
interacting case in Sec. III B then, we nevertheless also un-
cover a peak in the conductance vs temperature gradient �T
in the Kondo regime for sufficiently large fixed voltage bias
V � TK in Fig. 5(c) (see below). The details of the NRG-
tDMRG calculations are described in Appendix A where the
method specific parameters are provided in Appendix A 4.

A. Noninteracting case: Resonant level model

As a benchmark for the nonequilibrium calculations, we
consider the noninteracting resonant level model (RLM), i.e.,
essentially the Anderson model with U = 0. For this case, the
current flowing through the system can be solved exactly [82]

J (V,�T ) = 2e

h

∫
dω T (ω) [ fL(ω) − fR(ω)], (12)

where T (ω) denotes the transmission coefficient, which can
be related to the quantum dot spectral function A(ω), T (ω) =
π�A(ω). For the noninteracting quantum dot, the spectral
function can be found exactly through the equation of mo-
tion for the Green’s function. The transmission coefficient is
then given by T (ω) = �2/(�2 + (ω − εd )2), where fα (ω) =
1/{1 + exp[(ω − μα )]/Tα} is the Fermi-Dirac distribution
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FIG. 2. The differential conductance for the resonant level model
(U = 0) vs potential bias V for fixed �T ∼ T (see model parame-
ters to the left) and orbital energies εd as indicated in the legend.
NRG-tDMRG data (dots) is compared to exact analytic curves for
continuum (lines) as a consistency check.

function of lead α with kB ≡ 1. The differential conductance
G(V ) calculated using NRG-tDMRG method for a noninter-
acting quantum dot with different orbital level energies εd in
the presence of finite potential and temperature gradients is
shown in Fig. 2. The differential conductance G(V ) has a peak
around V = 2 εd , which is attributed to the Lorentzian peak
in A(ω) located at ω = εd . The shift in the differential con-
ductance peak from the Lorentzian peak originates from the
symmetric nature of applied bias μL = −μR = V/2, resulting
in the transport window (TW) [ fL(ω) − fR(ω)] inside the in-
tegral in Eq. (12) scanning the peak mainly around ω = 2V .
It is important to note that both temperatures (TL, TR) smear
out the transport window and can thus only broaden the con-
ductance peak. Our NRG-tDMRG data in Fig. 2 (dots), which
necessarily operates in the discretized setting agrees well with
the exact analytical calculations without any discretization,
i.e., in the continuum limit (lines). This demonstrates that our
technique can capture the nonequilibrium transport primarily
originating from the nonlinear dependence of the lead Fermi
distributions on V and T .

B. Interacting case: Single impurity Anderson model

In the presence of finite U , the nonequilibrium transport
across the quantum dot becomes highly nontrivial and cannot
be boiled down to an analytical description without sufficient
approximations [60,65]. But, the linear response description
of transport across an interacting quantum dot in equilibrium
can very well be calculated using the definitions in Eq. (11)
once the spectral function A(ω) is obtained. The equilibrium
spectral function A(ω) of a SIAM with finite U can be calcu-
lated using NRG with extreme precision, and thus it will be
used as the benchmark for the calculation of linear response
coefficients. The NRG data discussed in this section have been
calculated using the QSpace tensor library for Matlab [83–85]
with discretization parameter  = 2, iteration number N =
60, and the maximum number of states kept NK after each
iteration as 210.

1. Influence of finite-temperature gradient

We first introduce the finite-temperature gradient across
a SIAM by keeping the left lead temperature at TL = 0.01�

and changing the right lead temperature from TR = 0.01�

to TR = 0.5�. The electric current J (V, TL, TR) and heat cur-
rent JQ(V, TL, TR) across the SIAM using (5) is calculated
for bias voltages close to linear response V0 ≈ 0.005 � using
the NRG-tDMRG method. Thus the differential conductance
G(TL, TR) ≡ G(V = 0, TL, TR) can be estimated as

G(TL, TR) = 1

2V0
(J (V0) − J (−V0))|TL,TR . (13)

The choice of linear response bias voltage V0 is such that
any nonlinear behavior of G(V ) can be avoided, allowing us
to treat the estimated currents as linear in V . Since the bias
values V = ±V0 are effectively in the linear response regime,
the charge (heat) current J (Q) at zero bias can be calculated
according to the linear response expansion as

J (Q)(TL, TR) = 1
2 (J (Q)(V0) + J (Q)(−V0))|TL,TR . (14)

The electronic contribution to the heat conductance according
to Eq. (9) can thus be κ (TL, TR) = JQ(TL, TR)/(TR − TL ). The
information about J (TL, TR) and G(TL, TR) at V = 0 is suffi-
cient to calculate the Seebeck coefficient S for the respective
parameters. Moreover, the linear response in V allows the cur-
rent for small voltages to be expressed as J (V ) = J (0) + V G
for constant TL and TR. Thus, the Seebeck coefficient S from
its definition in Eq. (10) can be estimated as

S(TL, TR) = − 1

TR − TL

J (TL, TR)V =0

G(TL, TR)V =0
. (15)

The transport coefficients for a quantum dot in the presence
of finite-temperature gradient calculated using NRG-tDMRG
are shown in Fig. 3. The differential conductance G seen
in Fig. 3(a) shows the evolution of the zero-bias conduc-
tance peak as a function of the orbital energy εd . The red
dots in Fig. 3(a) display the NRG-tDMRG data for TL =
TR = 0.01 �, which match exactly with the equilibrium NRG
data (red curve) for G0 computed with a global temperature
T = 0.01�. The large conductance inside the local moment
regime, −U � εd � 0, is a characteristic feature of the Kondo
resonance and the thermal fluctuations from the leads with
temperature T = 0.01 � limit the conductance from reaching
the unitary value of G0 = 2e2/h.

The Kondo temperature TK in the local moment regime
is analytically given by the improved Haldane formula from
Fermi liquid theory [64]

TK =
√

� U

2
exp

[
π εd (εd + U )

2 � U
+ π �

2U

]
. (16)

Since the Kondo temperature represents a crossover scale,
it is only defined up to a prefactor of order one. Hence,
alternatively from a data or experimental point of view, the
Kondo temperature can be estimated by the temperature at
which the zero-bias conductance drops by half. Below, we will
refer to this as TK ′ , where based on our data for the parameters
in Eq. (5), TK′ � 1.05 TK [cf. Fig. 4(c) and caption].

For the SIAM parameters in Eq. (5), we have TK =
0.042 � (as compared to the lowest value at εd = −U/2,
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FIG. 3. (a) Differential conductance G, (b) Seebeck coefficient S, and (c) heat conductance κ of an interacting quantum dot [SIAM using
parameters (5) except for εd , which is varied here] vs orbital level position εd in the linear response regime with respect to the bias voltage.
The left lead is kept at temperature TL = 0.01 � throughout, while the right lead temperatures are specified with the legend in (b). The colored
symbols are the nonequilibrium data from the NRG-tDMRG calculations and the solid lines present the equilibrium NRG data with the same
parameters but calculated for an effective global temperature Teff = Trms. Numerically, the determination of S and κ require a finite-temperature
difference �T . Hence, no red dots are shown for the case TL = TR in (b) and (c). The limiting case �T → 0, however, is reflected in the small
�T/T ∼ 0.1 data set (blue triangles), which already agrees well with the equilibrium NRG data for �T = 0 (red line).

TK = 0.025 �). Thus, in the local moment regime, the G(εd )
curves in Fig. 3(a) show minima at εd = −U/2 corresponding
to the lowest TK. We proceed to heat up the right lead (TR),
as specified in the legends of Fig. 3. With increasing TR, the
differential conductance in the local moment regime decreases
as the Kondo resonance dies off with increasing thermal fluc-
tuations from the hotter lead. The equilibrium NRG cannot
account for different lead temperatures, but one can still define
an effective global temperature Teff at equilibrium as the root-
mean-square value of the left and right lead temperatures

Teff = Trms =
√

1

2

(
T 2

L + T 2
R

)
. (17)

The significance of the root-mean-square value will be dis-
cussed in the next section, Sec. III B 2. For the sake of the
discussion here, it is sufficient to note that Trms → TL when
TR → TL.

In Fig. 3 we show that a striking agreement exists between
the nonequilibrium NRG-tDMRG results at finite thermal
bias (colored symbols) and the equilibrium NRG results with
an effective global temperature Trms defined as the root-
mean-square value of the lead temperatures. Implying that
the dependence on the individual lead temperatures mim-
ics the dependence of equilibrium Kondo resonance width
with a global temperature Trms. This is consistent with the

FIG. 4. (a) The differential conductance G through the quantum dot with orbital energy εd = −U/3 as in (5) as a function of the left and
right lead temperatures, TL and TR, in the linear response regime V → 0. The black-dashed curve shows a circle of radius

√
2 TK corresponding

to Trms = TK [cf. Eq. (16)], while the white dashed line shows Trms = TK′ estimated as the half-width of the zero-bias conductance peak from the
NRG data vs effective temperature. The colored symbols in (b) present horizontal cross sections of (a) for different values of TL , as shown with
panel (c) vs TR on a logarithmic scale. For comparison, the black-dashed line displays the linear response NRG results of G vs TR = TL ≡ T .
(c) Data in (b) replotted against the effective global temperature Trms in Eq. (17). This is again contrasted with the equilibrium NRG data
(black-dashed line) where the vertical dash-dotted line denotes the half-width of equilibrium conductance TK′ � 1.05 TK.
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low-temperature limit from the perturbation theory and slave-
boson mean-field theory results of Ref. [60]. Moreover, the
NRG-tDMRG results are valid for higher temperatures owing
to the exact treatment of correlations. It is also interesting to
note that this effective Trms equivalence extends even into the
mixed valence and empty/filled orbital regimes (εd � −U ,
εd � 0). Furthermore, the experimental studies for the ther-
moelectrics in the Kondo regime show a good agreement with
our results. Figure 2 of Ref. [30], showing the differential con-
ductance and thermocurrent with �T/T ≈ 0.3 for different T
near the Kondo regime, behaves in a very similar way to the
results presented here. On the other hand, the experimental
data for the Seebeck coefficient shown in Fig. 4 of Ref. [31]
were related to the linear response NRG results. We note
that in this case, the corresponding temperature gradients,
although not precisely determined owing to the experimen-
tal conditions, reached �T/T ≈ 2/3, which is well beyond
linear response theory. The qualitative agreement obtained
with linear-response NRG, nevertheless, we attribute to the
Trms equivalence discussed in this paper. A more quantitative
agreement can be obtained using T = Trms in the NRG calcu-
lations, provided that the temperatures of the individual leads
are known. Of course, deep in nonequilibrium, i.e., much be-
yond linear response, one needs to resort to out-of-equilibrium
approaches such as NRG-tDMRG.

The linear response Seebeck coefficient S0 of a quantum
dot as a function of the global temperature has been shown
to change sign with the onset of the Kondo correlations
[29–31,60]. On the other hand, the nonlinear temperature
gradient dependence of S in the Kondo regime is largely
unknown. Here, with our NRG-tDMRG method, we are
able to provide reliable quantitative data as presented in
Fig. 3(b). The red curve represents the equilibrium case where
Trms = TL = TR = 0.01 �. Note that the calculation of S from
NRG-tDMRG requires a finite-temperature gradient accord-
ing to Eq. (15) and thus nonequilibrium data is absent for
the TL = TR case. The representative linear response results
from NRG-tDMRG are presented in the case of TR = 0.011 �

(blue triangles) and agree well with the equilibrium results
from NRG. The Seebeck coefficient remains antisymmetric
across the particle-hole symmetry point εd = −U/2 and has
a nonzero value in the local-moment regime, as expected for
finite temperatures below TK.

When the right lead temperature is increased, i.e., with a
finite thermal bias, the Seebeck coefficient becomes reduced
and starts to change sign in the local moment regime around
TR = 0.2 �, indicating the destruction of the Kondo reso-
nance. Interestingly and quite unexpectedly, the comparison
to the equilibrium NRG results with a global temperature
Trms gives a reasonably good agreement in the local moment
regime. The sign change in equilibrium S0(T ) occurs at higher
temperatures than TK, which is also reflected in our finite �T
results. However, outside the local moment regime, where the
Kondo correlations do not emerge, the Seebeck coefficient
increases in magnitude (no sign changes) with the increase in
TR and, correspondingly, with Trms. In this regime, the effec-
tive linear response results show growing deviations from the
nonequilibrium results with increasing temperature gradient.

Finally, for the sake of completeness, we examine the heat
conductance κ as a function of εd in Fig. 3(c). The heat

conductance is dominated by the contribution associated with
charge fluctuations, which are most active at resonances. As
can be seen, κ generally has two peaks corresponding to the
proximity of the resonant levels to the Fermi energy at εd ≈ 0
and εd ≈ −U . With a finite thermal bias, κ shows deviations
from the linear response Trms calculations that increase with
raising the temperature gradient.

2. The Kondo circle

In this section, we discuss how the Kondo effect depends
on the individual lead temperatures. For this, we choose the
orbital level εd = −U/3, for the system to be in the local mo-
ment regime, but far enough from the particle-hole symmetry
point to develop sufficient thermopower S.

Figure 4(a) presents the zero-bias differential conductance
G as a function of the independent left and right lead temper-
atures. The conductance G has its maximum as TL, TR → 0
and decays radially in the TL − TR plane. In particular, we
focus on the temperatures in the scaling regime, i.e., around
T = TK, where the conductance G0(T ) is known to exhibit
universal behavior. The black [white] dashed curves denote
circles of radii

√
2 TK, where TK is estimated from Eq. (16)

[
√

2 TK′ , where TK′ is estimated as the half-width of the
linear-response conductance G0(Trms)]. Although the Kondo
temperature TK′ ≈ 1.05 TK from the numerical NRG data pro-
vides a more accurate approximation of the Kondo-energy
scale than the analytical formula, for the sake of generality
and ease of estimation, we will stick to TK as the definition of
Kondo temperature in this paper. Therefore, the half-width of
the conductance peak lying on the TK′ circle is an immediate
consequence from the definition of Trms and its correspon-
dence to the nonlinear �T in the local moment regime [cf.
Fig. 3(a)]. The horizontal cross sections in Fig. 4(b) show how
the conductance decays as a function of the right lead temper-
ature TR, where the temperature on the left lead TL determines
the peak value of the conductance curve. The G(TR) curve lies
below the linear response G0(TR = TL = T ) curve for TR < TL

and coincides with the linear response results at TL = TR to
remain above the linear response data for TR > TL. Because of
the left-right symmetry in the system, the previous arguments
hold true even if one swaps TL and TR. The conductance
data G(TL, TR) in Fig. 4(b) is replotted against the rescaled
Trms temperature in Fig. 4(c). The rescaled data lies perfectly
on top of the linear response G0(Trms) curve. This is a use-
ful result, especially for the experimental exploration of the
Kondo regime. In experiments, where one does not reach the
truly linear response regime [30–33], Trms can provide reliable
theoretical estimations from equilibrium NRG calculations to
accurately identify the parameter space of the Kondo regime
in TL and TR separately.

In general, the zero-bias conductance peak along with the
Kondo resonance is known to get smeared with increasing
thermal fluctuations [6,8]. The influence of the individual lead
temperatures on the whole G(V ) curve beyond linear response
bias voltage regime is less trivial and is shown in Fig. 5(a).
The lower plane in Fig. 5(a) presents the G(V ) calculations for
a cold left lead temperature TL ≈ 0.1 TK and with increasing
the right lead temperatures TR > TL. For small temperatures
TR � TK, the conductance peak remains sharp in the finite
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FIG. 5. (a) The differential conductance G through a quantum dot [SIAM using (5)] vs TL , TR and a finite potential bias V . The data in the
vertical plane is the same as in Fig. 4(a), the horizontal plane is calculated with TL = 0.1 TK and for different TR as specified in the legends of
panel (b). The black [white] dashed lines on the horizontal plane show the contours of constant conductance G = (0.8, 0.7, 0.6) [G = 0.5].
The green dashed line indicates TR = V/2, cf. inset to panel (c). Panel (b) shows the cross sections (symbols) of the horizontal plane in panel
(a) for a fixed right lead temperature as indicated by the colored labels. The solid lines show the corresponding G(V ) calculations for an
effective global lead temperature Trms = TL = TR. The inset in panel (b) tracks VK, the Kondo scale in the applied bias, defined as G(VK ) = 0.5.
Panel (c) shows the differential conductance G(TR) from the horizontal plane in panel (a) for a finite potential difference V , as indicated by
the colored labels. Lines represent spline interpolations of the semilog-x data used to estimate the peak position T peak

R . Inset shows T peak
R vs V ,

which approximately follows T peak
R = V/2 (green-dashed line).

V regime but with an increase in TR around TR ≈ 0.2 TK the
Kondo peak starts to get smeared out in V . This behavior
is clearly seen in G(V ) curves for different TR presented in
Fig. 5(b), where the increase in TR suppresses the conductance
at zero bias and smears the zero-bias conductance peak further
into the finite V regime.

Furthermore, we observe in our simulations that any
configuration of the lead temperatures G(V )TL,TR can be ap-
proximated by a G(V )Trms,Trms curve with global temperature
Trms [cf. solid lines in Fig. 5(b)]. The Kondo-energy scale in
the applied bias VK, defined as the bias at which the con-
ductance drops to one-half G(VK ) = 1/2, is a characteristic
energy scale of the nonequilibrium Kondo effect and behaves
differently from TK. The inset in Fig. 5(b) shows the de-
pendence of VK on Trms. At low temperatures T � TK, we
recover the Fermi liquid theory prediction for the Kondo-
energy scales VK/TK ≈ 3/2 [64,80,81,86]. It can be seen that
VK increases with Trms, corresponding to the smearing of the
Kondo resonance with thermal fluctuations up to Trms ≈ TK.
Beyond which the Kondo resonance is considerably destroyed
by the thermal fluctuations, such that G(V ) fails to attain
the definition of VK for temperatures around Trms ≈ 1.3 TK

[cf. Fig. 5(b)].
Figure 5(c) shows the influence of the right lead temper-

ature TR on the differential conductance G(TR)TL,V with a
constant TL and finite potential bias V . For very small potential
biases V � TK, the differential conductance G monotonously
decreases with increasing TR, closely resembling the true
zero-bias conductance curve in Fig. 4(b). In the case of a
large potential bias V � TK, the G(TR) curves show maxima
roughly located at a finite right lead temperature T peak

R ≈ V/2
[cf. inset of Fig. 5(c)]. This nonmonotonous behavior of

G(TR)TL,V for V > TK can be attributed to the splitting of the
Kondo resonance in the presence of large potential biases. Be-
cause of the bias configuration in our system, μL/R = ±V/2,
the peaks of the split-Kondo resonance will be located at the
respective lead potentials μL/R for V � TK, resulting in the
additional feature in G(TR) around TR = V/2.

3. Thermoelectrics of the Kondo circle

Instead of diving directly into the Seebeck coefficient,
we first look at the thermoelectric current driven by the
finite thermal bias in Fig. 6. The panel (a) shows the NRG-
tDMRG results for the charge current as a function of both
the left and right lead temperatures. The current J (TL, TR)V =0

is antisymmetric across the TL = TR line, as the temperature
gradient changes sign across this line. In addition, there ex-
ists another sign change roughly as a circle in the TL, TR

plane corresponding to the onset of Kondo correlations. The
current at zero bias, computed as J (TL, TR)V =0 = 1

2 (J (V0) +
J (−V0))|TL,TR from the data for small ±V0 [cf. Eq. (14)], can
be fitted by the polynomial expression up to order n as in

J (TL, TR)V =0 = �
TL − TR

Trms
pn

(
x ≡ TL

TK
, y ≡ TR

TK

)
, (18)

where

pn(x, y) =
n∑

k=1

k∑
i=0

ak,i xi yk−i, (19)

ak,i = ak,k−i. (20)

Having V = 0, the current needs to be antisymmetric under
inversion TL ↔ TR. This is taken care of by the leading factor
TL − TR on the right-hand side. The remaining polynomial
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FIG. 6. (a) Thermoelectric current J through a quantum dot [SIAM using (5)] vs TL and TR at V = 0 (computed as the average current for
V = ±10−2TK). The data points located at the white dots are interpolated by the smooth color shading (cf. color bar). Panel (b) same as panel
(a), but showing the polynomial fit of its data points based on Eq. (18) instead. Panel (c) shows horizontal cuts of the polynomial fit (lines) in
panel (b) with their corresponding data points (symbols) from panel (a).

pn( TL
TK

, TR
TK

) thus must be symmetric under inversion. This con-
strains the polynomial terms to Eq. (20). The denominator
Trms keeps the prefactor in check for large �T . That is, the
ratio TL−TR

Trms
→ √

2 as TR → ∞. Thus, providing a much more
consistent weights for the data points with large �T used in
the variational fitting. We note that a clean polynomial fit of
the form (TL − TR) pn( TL

TK
, TR

TK
) can still provide an acceptable

fit for the current, but including the denominator Trms consid-
erably improves the fit at low T . At first glance, Eq. (18) only
seems to account for the first order in �T . But, the first-order
polynomial terms TL, TR together with the TL − TR prefactor
makes up the (TL − TR)2 ≡ �T 2 dependence, the polynomial
terms T 2

L , T 2
R and TL TR have encoded in it the information

of the �T 3 dependence, and accordingly for the higher order
dependencies in �T . Thus the polynomial fit contains, but is
not limited to, the perturbative expansion of J on �T .

The polynomial coefficients are determined by minimizing
the cost function

C =
∑

i

|J (TL, TR)|i − �
(TL − TR)

Trms
|i pn(xi, yi )|2, (21)

where the sum runs over all data points i with TL �= TR. The
quality of the fit is then estimated by the error measure δfit =√

min(C). The fit in Fig. 6 used n = 4 with coefficients

(a10) = (2.7874),

(a20, a21) = (−1.0856,−0.9690),

(a30, a31) = (0.1363, 0.1418),

(a40, a41, a42) = (−0.0068,−0.0091,−0.0060). (22)

The thermoelectric current from the polynomial fit Eq. (18)
is shown in Figs. 6(b) and 6(c). The polynomial fit accurately
recovers the regions of sign change in Fig. 6(a). The error
measure of the fits presented in Table I shows that increas-
ing order of the polynomial improves the fit quality. The fit
converges at higher orders of the polynomial, indicated by the

decreasing magnitude of the polynomial coefficients for the
higher-order terms [cf. Eq. (22)].

The estimation of S from Eq. (15) relies on the induced
thermocurrent being small enough to be compensated by a
linear response bias V . In Fig. 7(a) we show the extension
of the density plot in Fig. 6(a) towards the third dimension
in the bias voltage V . The lower plane in V, TR is calculated
for TL ≈ 0.1 TK [brown curve in Fig. 6(c)], which contains the
largest value of thermocurrent data in the Kondo regime. The
points of zero current in the lower plane show that a bias
voltage V < V0 is sufficient to compensate for the induced
thermocurrent. The zero current (white) in the interpolated
colormap from the NRG-tDMRG data for finite V = ±V0

coincides with the bias estimated from the linear response
expansion (black-dashed curve) of the current with the lin-
ear response conductance G0(Trms), further corroborating the
choice of the linear response V0. Thus, Fig. 7(b) depicts the
Seebeck coefficient S estimated for the full scaling regime
in TL, TR plane. From the sign changes of the thermoelectric
current J (TL, TR) in Fig. 6, only the sign change correspond-
ing to the Kondo correlations survive for S(TL, TR). This
region of the sign change in the Seebeck coefficient now fully
represents the temperature regime in which the Kondo corre-
lations survive. The Kondo regime is roughly a circle in the
TL, TR plane, slightly squeezed in the TL = TR direction. It is

TABLE I. The degree n of the polynomial used for the fit and cor-
responding error δfit relative to J̄ the largest value of thermoelectric
current inside the Kondo circle.

n δfit/J̄

1 0.9690
2 0.0051
3 0.0010
4 0.0002
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FIG. 7. (a) Thermoelectric current J through a quantum dot [SIAM using (5)] vs TL , TR and for very small potential biases V . The black-
dashed curve shows the voltage V required to compensate the thermocurrent according to a linear response expansion with G0. The grid of
NRG-tDMRG data in V is represented as white dots on the V, TR plane. (b) The Seebeck coefficient S = −V/�T = −J/(G �T ) (assuming
linear response in G) for the same parameters as in panel (a). Panel (c) shows the horizontal cross-sections of the panel (b) comparing S
calculated from the fit [cf. Eq. (18)] (solid line) and S estimated from J (TL, TR )V =0 from NRG-tDMRG (colored symbols). For comparison, the
black-dashed curve shows the linear response NRG calculations for S0 with TL = TR. The colored vertical lines denote the corresponding left
lead temperature TL for each S(TR ) curve.

important to note that the radius of the Kondo regime in the
TL, TR plane determined by the points of sign change in S
does not show any universal scaling with respect to TK. The
equilibrium NRG studies of S0 have already demonstrated that
the temperature at which S0(T ) shows the maximum negative
value in the Kondo regime scales with the Kondo temperature
TK. But the temperature at which S0 changes sign, denoting
the onset of Kondo correlations, does not exhibit such scaling
with respect to TK [29].

The quantitative behavior of S(TL, TR)V =0 is shown in
Fig. 7(c). The Seebeck coefficient S estimated from the NRG-
tDMRG calculations (colored symbols) of the thermoelectric
current J (TL, TR)V =0 in Fig. 6 and S estimated from the poly-
nomial fit for the thermoelectric current (solid lines) as in
Eq. (18) with a constant TL are plotted as a function of TR.
Near the equilibrium temperature TR → TL, the NRG-tDMRG
results approach the linear response NRG estimations of S0.
We note that, since TL = TR induces no thermoelectric current,
the extraction of the linear response S0 using NRG-tDMRG
from the chosen TL, TR grid of discrete datapoints is not
possible [cf. Eq. (15)], and hence no datapoints from NRG-
tDMRG are shown for the case of TL = TR in Fig. 7(c). The
polynomial fit for the thermoelectric current from Eq. (18)
is unrestrained and can provide an approximation of the lin-
ear response S0 for TL → TR. S(TR → TL ) estimated from
the fit shows slight quantitative difference from the true lin-
ear response S0 obtained from NRG, presumably stemming
from the absence of very small �T in the data used for
fitting. In general, for a constant TL in the Kondo regime,
S(TR) starts from a negative value for TR → 0 and shows
a minima at temperature TR of the order of TK. With fur-
ther increase in the temperature, S(TR) grows gradually until
changing its sign denoting the total destruction of the Kondo
resonance.

The comparison of S(TL, TR) rescaled by the effective
temperature Trms and the linear response S0(T ) from NRG
is presented in Fig. 8. Unlike the differential conductance
G(Trms), the rescaled S(Trms) data do not fully resemble the
linear response S0(T ) behavior, with increasing deviations for
large temperature gradients. We observe that the deviation of
S(Trms) depends on the minima of the linear response S0. We
define Tp as the temperature at which S0 has a negative peak.
When the cold lead temperature is larger than Tp, S(Trms) lies
closer to the linear response S0. But for the case of a cold
lead temperature below Tp, left lead temperature TL ≈ 0.1 TK

in our case (cf. red diamonds in Fig. 8), S(Trms) shows the
largest deviations from the linear response S0.

FIG. 8. The Seebeck coefficient S (TL, TR ) (colored symbols)
with a fixed TL (vertical colored lines) plotted against the effective
temperature Trms. The dashed line shows the equilibrium NRG data
for S0 (TL = TR = Trms).
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As an aside, let us also comment here on the so-called
Mott’s formula [87]

S0 ≈ π2k2
B

3 e

T

G0(μ)

(
∂G0(μ)

∂μ

)
μ=EF

. (23)

It holds within linear response, and relates the thermopower
S0, specifically also its sign, to the conductance G0 and
thus the behavior of the density of states near the Fermi
level, with the former more readily accessible experimen-
tally. Although one cannot directly extend Mott’s formula to
large temperature gradients, one can still look for qualita-
tive insights based on it. We note that from our results, the
differential conductance rescaled according to the effective
temperature quantitatively resembles the linear response re-
sults [cf. Fig. 4(c)], whereas the Seebeck coefficient shows
deviations from such a scaling with respect to the effective
temperature (cf. Fig. 8). Since Mott’s formula is valid for
linear response thermopower of a Kondo quantum dot [29],
one can state that the Mott’s formula is clearly violated at large
temperature gradients.

From the data in Fig. 8 we can conclude that the magnitude
of the Seebeck coefficient is not enhanced when compared to
linear response Slin under zero-bias conditions even with non-
linear temperature gradients. Furthermore, the data in Fig. 8
shows rather small values |S| � 0.1 for the Seebeck coeffi-
cient in the Kondo regime. This is in contrast, for example, to
Fig. 3 where the Seebeck coefficient can reach values an order
of magnitude higher |S| � 1 just outside the local moment
regime. Based on these findings, let us briefly comment here
on how to potentially enhance the thermoelectric response in
the Kondo regime [42]. It was suggested that an asymmetric
coupling to the leads together with a finite potential bias can
improve the thermoelectric response in the Kondo regime, as
suggested in Ref. [46]. While the NRG-tDMRG method is
well suited to handle such systems, a thorough investigation
of this scenario necessitates a detailed study of its own and
thus is beyond the scope of the present paper.

Lastly, we analyze the heat current and heat conductance in
the presence of a finite-temperature gradient. The heat current
JQ across the quantum dot coupled to leads with temperatures
TL and TR is shown in Fig. 9(a). Unlike the Seebeck coef-
ficient, there exist no sign change in the heat conductance
characterizing the Kondo resonance. Thus, the heat current
shows only one sign change corresponding to the change in
the sign of the temperature gradient TL − TR. The electronic
contribution to the heat conductance κ calculated for the cross
sections in panel (a) is presented in panel (b). It can be seen
that for a constant TL, κ is enhanced with increase in TR. When
reaching TR = TL, the heat conductance smoothly crosses the
linear response κ0.

IV. SUMMARY

In this paper we have provided accurate quantitative
results for the thermoelectric transport properties of a Kondo-
correlated quantum dot subject to nonlinear temperature and
voltage gradients. The calculations have been performed with
the aid of numerical renormalization group—time-dependent
density matrix renormalization group method. First of all,
we have demonstrated that the thermoelectric behavior of the

FIG. 9. (a) The heat/energy current JQ through a quantum dot
[SIAM using (5)] as a function of the left lead temperature TL and the
right lead temperature TR. Panel (b) shows the heat conductance κ for
different values of TL , as indicated. The dashed line corresponds to
the equilibrium NRG results for κ0 (T = TL = TR ). The inset presents
the horizontal cross sections of panel (a) used for the estimation of κ

in panel (b).

system, involving charge and heat currents as well as the See-
beck coefficient, can be qualitatively described by an effective
global temperature Trms. Moreover, a detailed investigation
of the zero-bias conductance with respect to the individual
lead temperatures unveiled the Kondo regime as a circle in
the plane of left-right lead temperatures, further affirming the
qualitative agreement with Trms. The thermoelectric current
also showed characteristic sign changes crossing over to the
Kondo regime, as a slightly distorted circle with the devia-
tions occurring at large temperature gradients. Moreover, we
have provided a qualitative expression to fit the thermoelectric
current as a function of the left and right lead temperatures.
Finally, we have discussed the heat current and conductance
near the Kondo regime, which were mostly determined by
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the contribution from charge fluctuations, hardly revealing
characteristics of the Kondo resonance.

The thermoelectrics in the presence of finite-temperature
gradients at zero bias voltage did not show any enhance-
ment of the thermoelectric properties originating from the
nonlinear contributions in the Kondo regime. However, inves-
tigating the nonequilibrium regime of asymmetrically coupled
Kondo-correlated systems [46] is a promising direction where
NRG-tDMRG can yield reliable insights. This complex sce-
nario warrants a dedicated study of its own, which goes
beyond the scope of the present paper and thus is left for the
future.
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APPENDIX A: THE HYBRID NRG-TDMRG METHOD

We use a hybrid NRG-tDMRG method to study the
nonequilibrium dynamics of the quantum dot coupled to leads
with finite thermal and potential bias. Below, we provide more
details about this method and its extension to finite thermal
gradients.

1. Hybrid discretization scheme

Primarily, we separate the conduction band into modes that
can be treated in equilibrium and out-of-equilibrium. That is,
the modes with fL(ω) − fR(ω) = 0 correspond to the modes
that are at equilibrium and fL(ω) − fR(ω) �= 0 are the modes
that are out of equilibrium, where fα (ω) is the Fermi function
for the lead α. For simplicity, we keep the largest |ω| that sat-
isfies fL(ω) − fR(ω) �= 0 as our effective bandwidth D∗ and
define the transport window as [−D∗, D∗] (essentially includ-
ing more equilibrium modes into the tDMRG part, which is
easier to handle and provides a more accurate description than
moving more nonequilibrium modes into the NRG part). The
energies outside |D∗| are discretized logarithmically accord-
ing to the discretization parameter  and the energies inside
|D∗| are discretized linearly according to the discretization
parameter δ. In this discretized setting, the coupling between
the quantum dot energy level εd to a discretized mode in the

lead α with momentum k is given as vq = √
�αδk/π , where

δk is the size of the corresponding interval in the discretized
band.

2. Thermofield treatment

We go on to describe the modes in this log-lin discretized
band under a thermofield description. This entails the intro-
duction of an auxiliary decoupled Hilbert space akin to the
physical Hilbert space. For a mode cq1 in the physical Hilbert
space, where q ≡ α, k, σ is a composite index, we introduce
an auxiliary mode cq2, where the index 2 denotes that the
mode is in the auxiliary Hilbert space. This enlarged Hilbert
space is rotated by,(

c̃q1

c̃q2

)
=

(√
1 − fq −√

fq√
fq

√
1 − fq

)(
cq1

cq2

)
, (A1)

such that in the rotated tilde Hilbert space, the modes
c̃q1 |�〉 = c̃†

q2 |�〉 = 0 can be interpreted as holes (1) and par-

ticles (2), where � = ∏
q(

√
1 − fq |0, 1〉q + √

fq |1, 0〉q) is a
pure state that can represent the thermal expectation value of
an operator A on the physical lead as 〈A〉 = 〈�|A|�〉.

In the rotated Hilbert space, the lead Hamiltonian becomes

Hlead = Hlead + Haux =
∑

q j

εqc†
q jcq j =

∑
q j

εqc̃†
q j c̃q j . (A2)

We set εq2 = εq1 to keep the total lead Hamiltonian Hlead

diagonal. Similarly, the tunneling Hamiltonian in the rotated
Hilbert space can be described as

Htun =
∑

q j

(ṽq jd
†
ασ c̃q j + H.c.), (A3)

where the couplings ṽq1 = vq
√

1 − fq and ṽq2 = vq
√

fq be-
come functions of the Fermi-Dirac distribution functions and,
thus, encompass the information about the nonequilibrium
parameters, such as the temperature and potential bias on the
leads.

3. Recombination of the leads and tridiagonalization

Outside the transport window [−D∗, D∗], the impurity is
coupled to only half of the lead modes. Since, fα → 1 results
in the hole coupling ṽq1 → 0 and fα → 0 results in the par-
ticle coupling ṽq2 → 0. This essentially means that both the
high-energy particle modes and the low-energy hole modes
decouple from the impurity. Whereas for the energies inside
the transport window, we use a different approach to simplify
the structure. Then, a single impurity coupled to two leads can
be described using an effective model with an impurity cou-
pled to a single recombined lead and such a recombination of
the leads results in half of the modes being decoupled from the
system. This results in the quantum impurity being coupled to
a set of hole lead modes and another set of particle lead modes.
In next step, we proceed to tridiagonalize these particle and
lead modes separately, resulting in two chains that are coupled
to the impurity, one from the hole modes and another from the
particle modes. In these chains, we can identify two sectors,
the sector from the high-energy modes that lies closest to
the impurity on the chain exhibiting properties of a Wilson
chain, i.e., energy scale separation and couplings that decay
as tn ∼ −n.
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FIG. 10. The finite-time dynamics of (a)–(c) charge current J and (d)–(f) heat current JQ across a SIAM for representative values of the
applied potential and temperature gradients. The horizontal-dashed line shows the steady-state value obtained from linear prediction.

4. NRG treatment of high-energy modes and time evolution

Since the modes outside the transport window are essen-
tially in equilibrium, we recombine the holes and particles in
the high-energy sector for a more physically accurate descrip-
tion. This results in our impurity being coupled to an effective
Wilson chain corresponding to the high-energy sector, which
is then further coupled to the separate hole and particle chains.
We treat the recombined high-energy modes using the nu-
merical renormalization group method and extract the ground
state of the high-energy sector as |φini〉. |φini〉 will act as the
initial state for the high-energy part of the chain, where the
low-energy hole modes are kept empty and the particle modes
filled. Thus, our initial state for the time evolution |ψini〉 be-
comes

|ψini〉 = |0〉 ⊗ |0〉 ⊗ . . . |0〉 ⊗ |φini〉 ⊗ |1〉 ⊗ · · · ⊗ |1〉 ⊗ |1〉.
(A4)

We time evolve |ψini〉 using the second-order Trotter time evo-
lution with a quench on the coupling between the high-energy
and low-energy sector over a finite time window.

The NRG-tDMRG calculations for the SIAM in this pa-
per are performed with parameters  = 2.5, δ/D∗ = 0.01,
Nkeep = 900 kept states in the effective NRG basis of the
renormalized impurity, and a truncation tolerance of εSVD =
10−5 for the tDMRG sweeps. The observables are calculated
for 100 tDMRG sweeps with the first 20 sweeps dedicated for
the quench.

5. Charge and heat current

The particle current or the charge current Jα from the lead
α to the quantum dot can be described as

Jασ = e 〈Ṅσ 〉 = − i

h̄
〈[Nσ , H]〉,

Jασ = e

h̄

∑
k

Im (vαk 〈d†cαk〉) (A5)

≡ e

h̄

∑
k

∑
j

Im (ṽq j 〈d†c̃q j〉). (A6)

Similarly, the energy current JE
α from the lead α to

the quantum dot can be described based on the lead
Hamiltonian as

JE
α = 〈Ḣα〉 = − i

h̄
〈[Hα, H]〉

= 2e

h̄

∑
kσ

∑
j

εqIm(ṽq j〈d†c̃q j〉). (A7)

The symmetrized current Jσ (t ) converges faster than the indi-
vidual lead currents Jασ ,

Jσ (t ) = 1
2 (JLσ (t ) − JRσ (t )). (A8)

APPENDIX B: EXTRACTING STEADY-STATE
OBSERVABLES VIA LINEAR PREDICTION

The particle current shows a transient behavior during the
quench window and starts to oscillate around a steady-state
value. This steady state is extracted using linear regression.
We start by generating a kernel for the oscillating part based
on the training window

yn+1 = [
a1 a2 · · · an

]︸ ︷︷ ︸
K

⎡
⎢⎢⎣

x1

x2
...

xn

⎤
⎥⎥⎦, (B1)

where the kernel K estimates the next data point yn+1 based
on the previous n data points {x1, x2 · · · xn}. We estimate K
as the least squared approximation of the data points in the
training window. The spectral decomposition of the kernel
has the information about the oscillating behavior of the data.
In particular, we isolate the eigenvector with the real eigen-
value (corresponding to the nonoscillating part) to estimate
the steady-state current at t → ∞,

J (t → ∞) = ‖�e0‖√
e0

, (B2)
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FIG. 11. The Kondo-energy scale in Eq. (C3) as a function of
the temperature gradient �T compared to the perturbation theory
[Eq. (C1)] results from Ref. [60].

where �e0 is the eigenvector corresponding to the real eigen-
value e0. Figure 10 shows the charge current [(a)–(c)] and the
heat current [(d)–(f)] dynamics of a SIAM using (5) obtained
from NRG-tDMRG. The steady-state value estimated from
linear prediction is shown as the horizontal-dashed line.

APPENDIX C: EFFECTIVE KONDO-ENERGY SCALE

Analytical dependence of the Kondo-energy scale on the
temperature gradient has been discussed in Ref. [60] by using
the perturbation theory and slave-boson mean-field theory.
According to the perturbation theory, the Kondo-energy scale
depends on the temperature gradient as

T̃ PT
K (�T ) =

√
T 2

K +
(

�T

2

)2

− �T
2 , (C1)

where T̃K is defined as the energy scale at which the second-
order term dominates in the perturbation expansion of the

conductance in the Kondo model {Eq. (11) and Eq. (13) from
Ref. [60]}. Nevertheless, throughout this paper, TK denotes
the intrinsic Kondo temperature of the system as defined in
Eq. (16).

From the NRG-tDMRG calculations, an effective temper-
ature of Trms = TK in the TL − TR plane represents a circle of
the form T 2

L + T 2
R = 2 T 2

K . To compare with the results from
perturbation theory, we consider TL = T and TR = T + �T .
Thus, we can define the energy scale T̃K(�T ) for a fixed �T ,

G(T, T + �T )
∣∣
T =T̃K

= G0/2, , (C2)

i.e., as the temperature T at which G(T, T + �T ) reaches the
half maximum of the conductance peak G0 at T = �T = 0.
By definition then, T̃K reduces with increasing �T towards
zero, and becomes undefined for sufficiently large �T > TK

once G(T, T + �T ) < G0/2 for all T . In this sense, T̃K → 0
does not indicate a small physical Kondo scale, per se, but
rather the disappearance of the Kondo physics. Based on the
Kondo circle T 2

L + T 2
R = 2 T 2

K (cf. Sec. III B 2), Eq. (C2)
provides an analytical expression for T̃K,

T̃K(�T ) =
√

T 2
K −

(
�T

2

)2

− �T

2
. (C3)

This expression for T̃K(�T ) is very similar to the perturbation
theory result, except for the difference in sign of the �T 2 term
under the square root.

The temperature T̃K defined on the Kondo circle and the
Kondo temperature T̃ PT

K from the perturbation theory show
good agreement for small �T (cf. Fig. 11). With increasing
�T , T̃K decays faster than T̃ PT

K and proceed to become unde-
fined beyond �T = √

2 TK .
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